Axisymmetric toroidal wave fronts are pertinent to the near forward and backward scattering by objects that have rotational symmetry. For spheres, the wave field produced by such a wave front is known as glory scattering. As the wave front propagates, some porton of it becomes focused on an axis, forming a structurally unstable line caustic. A specific class of harmonic perturbations of the wave front shape is considered that leads to unfoldings of the axial caustic. When the wave front shape is perturbed to have two-fold rotational and mirror symmetry, the unfolded caustic is a four-cusped astroid curve. The three-fold symmetric perturbed wave front propagates to produce a hypocycloid caustic with three cusps. In general, perturbed wave fronts with p-fold rotational and mirror symmetry have caustics of cusped stars, with p cusps when oe is odd, and 2oe cusps when p is even. These wave front perturbations have applications to scattering from symmetric, slightly nonspherical, homogeneous objects such as spheroids. Wave fields are computed using a Fresnel approximation of the diffraction integral. The wave field patterns associated with astroid caustics are displayed. They have features similar to Pearcey patterns. Applications to backscattering from spheroids, distorted torii, and axicon reflectors are noted. Certain inverse problems are considered. An inequality is given for determining the magnitude of wave front perturbations needed to cause a significant change in the wave field from that of a spherical scatterer. The merging of rays as the observation direction moves across the caustic is discussed using concepts from catastrophe optics. A novel expression in polar coordinates is given for the Hessian associated with propagation.
INTRODUCTION
A wide range of spherical scatterers produce backward or forward directed toroidal wave fronts of the type shown in Fig. 1 (a) (Refs. 1-12). These wave fronts give rise to glory scattering. The wave fields associated with this wave front have been discussed previously. ]-12 The present work was motivated by the desire to understand what happens to the caustic and to the scattered wave fields when the symmetry of the scatterer deoiates slightly from the spherical shape. Consider, e.g., a slightly oblate spherical scatterer made of the same materials considered in Refs. 1-11. This shape is generated by rotating an ellipse about its semiminor axis. The oblate spheroid has two-fold rotational and mirror symmetries and inversion symmetry about any axis which lies in the equatorial plane and is perpendicular to the axis of rotational symmetry (the semiminor axis). Consider a plane wave traveling perpendicular to the axis of rotational symmetry and incident upon the oblate object. The propagation direc- gation in homogeneous media, it may be argued that unfoldings considered are germane to perturbations in the scattering from spheres caused by certain stratified media. The method of physical optics presented here gives geometrical insight into the scattered wave fields. This method is applicable to a restrictive group of scatterers, namely objects that give wave fronts with geometries that satisfy the inequality in (21 ). A requirement of this method is that the objects have sufficiently large size parameters [roughly, kb •> 15, where k is the wavenumber of the incident radiation and b is a characteristic dimerison discussed below Eq. (9) ]. Partial-wave series and T-matrix solutions for the boundary value problems can produce accurate and general descriptions of scattered wave fields; however, these solutions, in themselves, do not always give the desired physical insight.
For large size parameters, such solutions can become numerically unstable, and physical optics solutions become more useful if not necessary. In the limit that the size parameter goes to infinity,the size ofditfracton fringes goes to zero, and the mathematical focusing of wave fronts to form caustics as discussed in Sec. I becomes the only necessary piece of information. In this limit, the wave field has a divergent amplitude on caustics. It often tui'n out that the physical optics model appropriate for one type of scatterer is useful for gaining insight into other scatterers. This point is amply illustrated in the present work.
I. RAYS AND CAUSTICS OF HARMONICALLY PERTURBED TOROIDAL WAVE FRONTS
A. Caustic surfaces associated with general wave fronts The relevant coordinate system is shown in Fig. 2 . The initial wave front IV is specified near an exit plane having Cartesian coordinates x' and y'. Polar coordinates s (radial distance) and •p (azimuthal angle) are also used to address points in the exit plane. The instantaneous displacement of the wave from the exit plane is given by IV(x',y') (Refs. 21 and 22). For example, IV could be the wave front shape resulting when an initially spherical wave passes through a medium with inhomogeneities localized between a source and the exit plane. We are concerned with waves that propagate from near the exit plane to an observation plane parallel to the exit plane, and displaced by a distance z. Cartesian coordinates (x,y•) define points in the observation plane. Observation plane points are also given by the backscattering angle ?,, the distance r, and the azimuthal angle qx face formed by the locus of all P with Pz (x',y') > IV(x',y') is the caustic surface associated with IV. We may, likewise, define a source (real or virtual) as the locus of all P with P• < IV. These are the focal surfaces of IV. In the present investigation, we are interested in the regions of W for which the assumption that N is nearly parallel to the z axis is a good approximation. This paraxial assumption greatly simplifies the analysis. Direct calculation of P is a point by point process; another approach is analytically more tractable. We may define a distance function
• = {(x -x') 2 + (y-y)2 + [z --W(x',y')]•) '/2 (1)
as the distance from a point on IV to the observation point (x,y•). Rays are line segments from (x',y',W(x',y')) to (x,y,z) for which the condition = o, (2) applies. Here, the subscript x' refers to partial differentiation with respect to the x' variable, etc. These line segments are orthogonal to IV and are the familiar rays of geometrical optics. Equation (2) 
where A is a constant [in Fig. 1 (a 
where the first and second terms refer to distances hj defined in Fig The argument given in Sec. I C for the formation of a wave front given by (10) and shown in Fig. 1 (b) for a slightly spheroidal scatterer can be extended and generaliz.ed as Fig. 7 (a) When p = 1, Eq. (23) is still applicable. In this case, however, the pe•urbation does not unfold the axial caustic. The wave front given by (15) withp • 1 is a tilted version of the axisymmetric wave front in Fig. 1 (a) . Accordingly, use of (23) Fig. 1 (a) . 
II. WAVE FIELD, CALCULATED RESULTS, AND
INVERSE
p(y,q)) = pa2_k•ri exp[ik(r + A + $/2} ] fo•[ikS2•dsfo TM x exp--)s exp[ I ikW(s,½)] Xexp[ --ikssin y ½os(q --½)]d½, (25)
where Po is the amplitude at the exit plane and the time factor exp( --kot) has been suppressed. This is a polar form of the diffraction integral where tan y=sin y has been used, and W(s,½) is given by (15). Use of (17) Fig. 1 (c) . The wave fronts forp --3 and 5 appear to emanate from virtual sources with shapes shown in Fig. 3(d) and (e) .
The wave field of (29) has been computed for thep ----2 term in Figs. 8 and 9 for several representative values of kb and $/b. The observation plane was taken to be in the far zone in these calculations. Whenp = 2 the wave front is Fig.  1 (b). Figure 8(a) was computed for kb = 30, ct/b= 0.075, and $b = -0.1. The minus sign has no special significance here, but implies an oblate, rather than prolate, scatterer for the specific case of backscattering of light by bubbles. 14 In Fig. 8(b) , the astroid caustic, generated by (24) has been overlaid on the wave field. The wavelength used in this calculation is approximately a third of the maximum wave length that just resolves effects of the perturbation in the wave field [see the discussion below (31)]. Hence, the effects of the perturbation are relatively mild in comparison with Fig. 9(b) and (c) . arguments. Eliminating n between these expressions reproduces the cusps angle given in (31) (from the geometrical solution), which bolsters the use of the localization principle. The localization principle used to obtain (32) can be tested in Fig. 10 
III. LOCATIONS OF RAYS CONTRIBUTING NEAR THE CUSP POINTS FOR THE ASTROID CAUSTIC
Rays are defined by (2). They are normal to Wand pass through the observation point (x,y,z). There may be several or no rays that pass through a given observation point. In this section, the types of rays (skew or planar) contributing to the pressure amplitude at several specific observation points will be defined and discussed. Here, W refers to the wave front given by (10) or by (15) Fig. ! 1 (b) is the zero Gaussian-curvature contour (ZGCC) of W computed from (22). This contour is sketched on the wave front in Fig. 1 (b) . Rays projected normally from W along this contour generate the far zone or directional caustic shown in Fig. 11 (a) . The half-ellipse contour, which has circle markers on it, starts at I and 2 and moves closer to the ZGCC. Rays from points 1 and 2 on this contour pass through point A of the caustic figure in Fig.  11 (a) . Consider the consequence of moving the observation point in the positive x direction up to point B, taking unit steps marked by the circles. The skew rays (i.e., rays that do not lie in the x,z plane, the plane which contains the observation point under consideration), which pass through a given point along this path, come from the half-ellipse contour at intervals marked by the circles. The skew rays to B come from the points marked B'. The cusp lies just beyond point C.
As the observation point nears C, the skew rays from this contour move to C'. Beyond C' the skew rays merge with the ZGCC and become focused at the cusp point. When the observation point passes beyond the cusp point into the tworay region, the skew rays no longer exist. This merging of rays is similar to that discussed for an isolated cusp in Ref.
23.
There are also two planar rays (i.e., rays which have trajectories lying wholly in the x,z plane) that pass through the observation points marked by circles. Planar rays originate on W above the short line segments in the x,z plane. These segments are shown in Fig. 11 (b) and start at the center of the squares labeled 3 and 4. As the observation point moves from A-C and beyond into the two-ray region, the planar rays pass through these observation points. Since these rays are spaced far apart, their interference gives finely spaced fringes.
Consider now the path in the observation plane which starts at A and is marked by squares lying along the y axis. This path has 2 skew rays that start at the center of the squares at 3 and 4. It has two planar rays that start the center of the circles at I and 2. The skew rays merge with the ZGCC as the observation point approaches the cusp point as described above. When the observation point passes over the cusp point and into the two-ray region, only the planar rays remain. Note that the skew ray contour and the observation plane path both lie in thesame half-space (y > 0) for this case and in opposite half-spaces for the contour and path consid- In the present work, the caustic separates regions offour-ray and two-ray interference as shown in Fig. 11 (a) .
The comments above also apply to the local regions of V/near rays 1-3 in Fig. 1 (b) . Taken Fig. 7(a)-(e) and (23) .
We used an oblate spheroid with sound speed greater than its surrounding as an example in Fig. 5 . Consider now a spherical scatterer with sound speed less than that of the surrounding media. Let It > 1 be the ratio of sound speed in the surrounding media to the sound speed in the scatterer. For (2) i/• <i t < 2, it can be shown that a circular cross section of the sphere can produce glory rays having two chords 1'32 [compare to the three-chord glory ray model, where it < 1, for the circular cross section in Fig. 5(b) ]. Thus, for/• in this range, a sphere can produce a backward directed wave front that is locally similar to the toroidal wave front in Fig. l(a) . Then, the wave front shape for a slightly oblate scatterer for whcih (2) 4/2 </• < 2 will be that of Fig. 1 (b) Fig. 1 (b) is the two-foM symmetric ben t ring shown in Fig. 3 (b) . According to (24), the caustic surface of this wave front has an astroid cross section in which the cusp points mooe away from the axis as z increases. For general p > 2, the cusp points described by (24) also move away from the axis with increasing z. Cylindrical caustic surfaces with cross sections as shown in Fig. 7 should, however, result when light or sound is scattered by disks with boundaries shown in Fig. 11 were computed from use of (C2)-(C4). When 6 = 0, there are no skew rays, which is the expected result for a spherical (or more general, axisymmetric) scatterer.
